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ABSTRACT 
T i m e  v a r i a t i o n s  of t h e  wind stress over  the  ocean 
cause the  boundary-layer flow t o  be  s i g n i f i c a n t l y  d i f f e r e n t  
from t h a t  of t h e  c l a s s i c a l  Ekman s p i r a l .  Simple a n a l y t i c a l  
s o l u t i o n s  f o r  t h e  cases o f  r o t a t i n g  and o s c i l l a t i n g  wind 
stresses are presented ,  and numerical  s o l u t i o n s  of t he  t ran-  
s i t o r y  boundary l a y e r s  f o r  more rea l i s t ic  wind v a r i a t i o n s  are 
given. These s o l u t i o n s  are b a s i c a l l y  ex tens ions  of Ekman's 
s p i r a l  s o l u t i o n s  f o r  t h e  cases of a cons tan t  c o e f f i c i e n t  of 
v i s c o s i t y  and h i s  "quadra t ic  f r i c t i o n - r e l a t i o n s h i p " ,  and of 
Fredholm's s o l u t i o n  f o r  the  case of a s t e p  func t ion  i n  wind 
stress. The r e s u l t s  show t h a t  t he  l a r g e  i n e r t i a l  o s c i l l a t i o n s  
d iscussed  by Ekman f o r  the case of cons tan t  v i s c o s i t y  are even 
more p e r s i s t e n t  when the  "quadra t i c  f r i c t i o n - r e l a t i o n s h i p "  i s  
appl ied .  
1. INTRODUCTION. 
The now-classical  paper  of Ekman (1905) de l inea ted  
the  major f e a t u r e s  of the boundary-layer flow t o  be expected 
i n  t h e  s u r f a c e  l aye r s  of t h e  ocean due t o  wind stress, and the  
Ekman s p i r a l  t h a t  corresponds t o  a s teady  wind stress and a 
cons tan t  c o e f f i c i e n t  of v i s c o s i t y  i s  o f t e n  c i t e d .  Among o t h e r  
s p e c i f i c  b u t  less w e l l  known r e s u l t s  of Ekman's famous work 
are the  t r a n s i t o r y  s o l u t i o n  f o r  a s t e p  func t ion  i n  the  wind 
stress ( a t t r i b u t e d  t o  Fredholm) and t h e  s teady  s p i r a l  s o l u t i o n  
t h a t  corresponds t o  Ekman's "quadra t i c  f r i c i t o n - r e l a t i o n s h i p " .  
Our r e s u l t s  extend t h e  t r a n s i t o r y  s o l u t i o n  presented  by Ekman 
t o  o t h e r  i n t e r e s t i n g  v a r i a t i o n s  of  t he  wind stress, the  i n t e n t  
be ing  t o  examine and i l l u s t r a t e  t h e  degree t o  which the  flow i n  
the  p l a n e t a r y  boundary l a y e r  of  t h e  ocean may d i f f e r  from t h a t  
of a s t eady- s t a t e  sp i ra l  as a r e s u l t  of temporal v a r i a t i o n s  of 
the  wind. 
I n  a d d i t i o n  t o  s imple  a n a l y t i c a l  s o l u t i o n s  f o r  ro- 
t a t i n g  and o s c i l l a t i n g  wind stresses, w e  p r e s e n t  numerical  com- 
p u t a t i o n s  of t h e  boundary-layer flow f o r  more r e a l i s t i c  var i -  
a t i o n s  of t h e  wind f o r  both a cons tan t  c o e f f i c i e n t  of v i s c o s i t y  
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and f o r  a c o e f f i c i e n t  of v i s c o s i t y  dependent upon the  wind 
stress and the  shea r  flow i n  the  boundary l a y e r .  These s t u d i e s  
were undertaken as an ex tens ion  of ou r  numerical  s t u d i e s  of 
t h e  i n s t a b i l i t y  of Ekman boundary l a y e r s  ( F a l l e r  and Kaylor,  
1966) a t  t h e  sugges t ion  of D r .  P .  Welander. 
The equat ions  of motion t h a t  desc r ibe  the  t r a n s i t o r y  
Ekman boundary l a y e r  are: 
where the  primes r e f e r  t o  dimensional v a r i a b l e s .  Hor i zon ta l  
g r a d i e n t s  of t he  flow and t h e  v e r t i c a l  v e l o c i t y  are taken t o  
be  zero ,  and t h e r e  a r e  no h o r i z o n t a l  p r e s s u r e  g r a d i e n t s .  The 
C a r t e s i a n  coord ina te s  are right-handed w i t h  z' v e r t i c a l l y  
upward and t h e  o r i g i n  a t  t h e  ocean s u r f a c e ,  s o  t h a t  depth i n  
t h e  ocean i s  g iven  by negat ive  va lues  of To take  i n t o  
account t h e  C o r i o l i s  force  a t  some s p e c i f i c  l a t i t u d e  $ i t  
i s  only necessary  t o  replace L? by L? s i n  + throughout t he  
a n a l y s i s .  
2'. 
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For the  case of cons tan t  u equat ions  (1) are 
made non-dimensional by the  fol lowing d e f i n i t i o n s :  
where D = (v/Q)' i s  the c h a r a c t e r i s t i c  depth of t he  Ekman 
boundary l a y e r  and 
a t  z = 0. v ' =  (u'2+v' 2 %  ) 
0 
(Note t h a t  D as used here  i s  smaller than  the  c h a r a c t e r i s t i c  
depth used by Ekman (here  des igna ted  DEk> by the  f a c t o r  
D/%k= 1 / ~ - )  
The non-dimensional equat ions are then: 
a v  + 2 u  = 
a t  
-
2 
-2 
a u  
a z  
2 
-2 
a v  
a z  
For la ter  r e fe rence ,  the s t eady- s t a t e  Ekman s o l u t i o n  t o  (2)  t h a t  
corresponds t o  a cons tan t  s h e a r  stress a t  the  f r e e  s u r f a c e  and 
zero  stress a t  z = - 7m i n  ou r  n o t a t i o n  is: 
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71 
V 4 
( 3 )  
where g i s  t h e  angle  between t h e  stress and t h e  p o s i t i v e  x 
axis, and where w e  have used t h e  boundary condi t ion  
dV/dz = fi a t  z = 0. 
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2 .  ROTATING AND OSCILLATING WIND STRESSES. 
Since (2)  are l i n e a r  equa t ions ,  t he  s o l u t i o n  f o r  
an a r b i t r a r y  v a r i a t i o n  of t h e  wind stress may be composed from 
a sum (o r  i n t e g r a l )  of l i n e a r l y  independent p e r i o d i c  so lu t ions .  
For t h i s  reason,  as w e l l  as f o r  t h e i r  i n t r i n s i c  i n t e r e s t ,  w e  
f i r s t  d i scuss  s imple harmonic s o l u t i o n s  w i t h  frequency k cor- 
respondent t o  harmonic v a r i a t i o n s  of t he  wind stress wi th  the  
s ame frequency . 
An harmonically o s c i l l a t i n g  wind stress wi th  f i x e d  
o r i e n t a t i o n  ( f i x e d  0 )  may be  regarded as t h e  sum of two vec to r s  
of cons t an t  magnitude r o t a t i n g  i n  oppos i t e  d i r e c t i o n s .  Thei r  
r o t a t i o n  f requencies  w i l l  be  denoted by K. = 2 k where a p o s i t i v e  
va lue  of R i n d i c a t e s  r o t a t i o n  i n  t h e  cyc lon ic  sense  ( i n  the  
d i r e c t i o n  of i nc reas ing  0 )  and a nega t ive  R i n d i c a t e s  an t i -  
cyc lon ic  r o t a t i o n .  Evident ly ,  from t h e  l i n e a r i t y  of t h e  equa t ions ,  
t he  s o l u t i o n  f o r  an o s c i l l a t o r y  stress of amplitude 1.414 w i l l  be  
t h e  sum of the  s o l u t i o n s  f o r  t he  two oppos i t e ly  r o t a t i n g  stresses 
of cons t an t  magnitude 0.707. 
A s i n g l e  r o t a t i n g  stress of frequency R may be w r i t t e n  
i n  component form as 
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= 0.707 (:~~} ( e t  + e) 
T 
Y 
( 4 )  
where T = du/dzlo and T = dv/dzlo.  Assuming p e r i o d i c  
s o l u t i o n s  t o  (2)  w e  w r i t e  t h e  r e s u l t a n t  v e l o c i t y  components as 
X Y 
where U and @ are unknown func t ions  of z. S u b s t i t u t i o n  
of (5) i n t o  (2 )  g i v e s  
2 
a v  
a z  
( 2  + 2 ) u  = 2
which are i d e n t i c a l  i n  form t o  the  s t eady- s t a t e  po r t ions  of 
(2) and d i f f e r  on ly  i n  t h a t  t h e  C o r i o l i s  terms are m u l t i p l i e d  
by (1 + 2/2) .  Thus the e f f e c t  of a uniformly r o t a t i n g  stress,  
as opposed t o  a s t e a d y  stress,  i s  merely a mod i f i ca t ion  of t he  
e f f e c t i v e  ra te  of r o t a t i o n  of t h e  coord ina te  system, and w e  
a n t i c i p a t e  t h a t  t h e  s o l u t i o n  t o  (6 )  w i l l  be  an Ekman s p i r a l  
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with modified amplitude and depth scales. 
If we define a second non-dimensional depth by 
z* = z'/D*, where D* = (v/Q(l + 3 5 )  R S  ) , the solution of ( 6 )  is 
L 
U i; D; ?* I:::} (z*  + Rt + 6) 
V 
(7)  
where 6 = €I +  IT/^, and where the ratio D*/D arises from the 
new non-dimensionalization of the stress. The total solution for 
an oscillating stress is then the sum of the two solutions for 
R = +k and R = -k as follows: 
(8) I= (2K1)-'eK12 {+sin} -cos (K1z + kt + 6 )  + (2K2) (K2Z-kt+G) 
V 
where K1 = +(1 + k/2) s , K2 = +(1 - k/2) S , and k is always 
positive. For K2 the positive root is used when k/2<1, and the 
negative root applies when k/2>1. 
Some examples of the solution (8) for 6 = i r / 4  are 
shown in Figures 1 and 2 for k/2<1 and k/2>1, respectively. 
For Figure 1 the two spirals correspond to k = 1 at the instant 
when both rotating vectors are oriented along the x axis. Since 
the velocity vectors at z = 0 have the amplitudes A1 = (2K1) 
-1 
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-1 
and A2 = (2K2) 
p o i n t  of t h e  v e l o c i t y  at 
major 
i t  may r e a d i l y  be seen t h a t  t h e  te rmina l  
z = 0 execu te s  an e l l i p s e  wi th  t h e  
a x i s  45 degrees  t o  t h e  l e f t  of t h e  o s c i l l a t i n g  stress. 
The magnitude of t h e  semi-major axis i s  A2 + A1 and t h a t  of t h e  
semi-minor a x i s  A2 - AI.  Figure  2 has  been cons t ruc ted  f o r  
k = 2.rr as an example of k>2. There i t  i s  shown t h a t  t h e  s p i r a l  
f o r  R<2 i s  "left-handed". This  may a l s o  be seen  from (6) where 
f o r  R<-2 t h e  s i g n s  of t h e  C o r i o l i s  terms are reversed  and t h e  
s p i r a l  must be t h a t  correspondent t o  nega t ive  r o t a t i o n  of t h e  
coord ina te  system, t h e  Southern Hemisphere case. Accordingly,  f o r  
k>2 t h e  major ax i s  of the e l l i p s e  a t  z = 0 i s  along t h e  x a x i s ,  
t h e  axis of t h e  o s c i l l a t i n g  stress. 
Figures  3 and 4 are  examples of numerical  s o l u t i o n s  of 
(2)  for  k = 1 and k = 27 ,  r e spec t ive ly .*  The computations 
s t a r t e d  wi th  ze ro  flow, and as a r e s u l t  t h e r e  w e r e  t r a n s i t o r y  
components t o  t h e  s o l u t i o n s ,  bu t  i t  may be  seen  t h a t  t h e  o s c i l -  
l a t i o n s  of t h e  s u r f a c e  v e l o c i t y  approached t h e  t h e o r e t i c a l  e l l i p s e s  
as d iscussed  above. For k = 1 t h e  t h e o r e t i c a l  semi-major a x i s  
i s  1.114 and t h e  semi-minor axis, 0.300. For k = 27~ t h e  semiLaxes 
are 0.588 and 0.096. 
When k = 2 t h e r e  is a s i n g u l a r i t y  i n  t h e  s o l u t i o n  (8 ) .  
This  corresponds t o  resonance between t h e  a n t i c y c l o n i c a l l y  r o t a t i n g  
* The methods of numerical  computation are d iscussed  i n  t h e  
appendix and i n  F a l l e r  and Kaylor (1966). 
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component of t h e  o s c i l l a t i n g  wind stress (E = -2) and i n e r t i a l  
o s c i l l a t i o n s  i n  t h e  r o t a t i n g  system. F igure  5 is  a numerical  com- 
p u t a t i o n  t h a t  shows t h e  s teady  a m p l i f i c a t i o n  of t h e  s u r f a c e  velo- 
c i t y  due t o  t h i s  resonance. 
To more c l e a r l y  see t h e  resonant  case, n o t e  t h a t  i n  
an a b s o l u t e  r e fe rence  frame t h e  s u r f a c e  stress would be  cons tan t  
i n  magnitude and d i r e c t i o n ,  and t h e  governing equat ions  would 
2 
a t  az 
reduce t o  a U  = a U . The r e s u l t a n t  f low would have t h e  same -
2 
cons tan t  d i r e c t i o n  a t  a l l  depths ,  and an  equ i l ib r ium s o l u t i o n  
could only  be obta ined  f o r  a f i n i t e  depth of f l u i d .  
3 .  A STEP FUNCTION I N  THE WIND STRESS. 
Ekman has  presented  an  exac t  s o l u t i o n  (found by Fredholm) 
f o r  t h e  case of an  abrupt  increase i n  wind stress from zero  t o  
a cons t an t  va lue ,  a l though t h e  method of s o l u t i o n  w a s  n o t  i nd ica t ed .  
One method would b e  t o  i n t e g r a t e  t h e  s o l u t i o n  (8) over  k us ing  as 
ampli tudes f o r  each o s c i l l a t o r y  component t hose  found from a 
Four i e r  i n t e g r a l  r e p r e s e n t a t i o n  of a s t e p  func t ion  i n  stress. A 
somewhat s impler  procedure w a s  o u t l i n e d  t o  us 
Burgers and is  as follows: 
by P ro fes so r  J. M. 
The v e l o c i t y  components are expressed i n  t h e  complex 
n o t a t i o n  w = u + i v  and the set (2)  i s  w r i t t e n  
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2 aw a w  
a t  az2*  
- + 2 i w =  - (9) 
I f  w e  assume a s o l u t i o n  of t h e  form w = A e p t  + Az 
i t  fol lows from (9) t h a t  X = (p + 2 i )  L . Then let A = (a T i p ( p  + 2i)’2) -1 
s o  t h a t  t h e  shea r  a t  the  f r e e  s u r f a c e ,  dw/dz a t  z = 0,  has  
t h e  va lue  0 f o r  t > O  and t h e  va lue  fi f o r  t < O .  This  fol lows 
s i n c e  jept /  p dp = 2ni  f o r  t > O  and 0 f o r  O<O. The i n t e g r a l  
f o r  w i s  then  
(10) 
I f  equat ion  (10) is d i f f e r e n t i a t e d  w i t h  r e spec t  t o  t i m e  w e  
o b t a i n  
which must be  e s s e n t i a l l y  t h e  in t eg ra  
exp ( p t  + (p + 2 i )  4 z) dp 
(11) 
solved  by Fredholm. 
I n  p a r t i c u l a r ,  a t  
t o  g ive  
z = 0 equat ion  (11) may r e a d i l y  b e  i n t e g r a t e d  
-+ -2i5 
w(z = 0) = (2/T) 5 e d5 
- 11 - 
where 5 is  a dummy time v a r i a b l e .  Equation (12) i s  t h e  
F resne l  i n t e g r a l  (Jahnke and Emde, 1945) t h a t  desc r ibes  t h e  
Cornu s p i r a l  ( s ee  F igure  6 ) .  
Ekman g raph ica l ly  presented  Fredholm's s o l u t i o n  
by diagrams of v e l o c i t y  vs. t i m e  a t  va r ious  depths .  A s  a 
check on ou r  numerical  methods ( a n t i c i p a t i n g  o t h e r  a p p l i c a t i o n s )  
w e  ob ta ined  t h e  numerical  s o l u t i o n  s t a r t i n g  wi th  (2 ) ,  and w e  
found p r e c i s e  agreement with Ekman's r e s u l t s  a t  a l l  depths .  
Figure 6 shows t h e  s o l u t i o n  a t  
pendulum hours  f o r  d i r e c t  comparison wi th  Ekman's diagram. The 
p a r t i c u l a r  f e a t u r e  of note i s  t h e  l a r g e  i n e r t i a l  o s c i l l a t i o n  
(per iod  of 1 2  pendulum hours) which damps only i n v e r s e l y  as t h e  
square  r o o t  of t i m e .  
z = 0 wi th  time expressed i n  
W e  have a l s o  computed t h e  t r a n s i t o r y  response t o  a 
s t e p  func t ion  i n  wind f o r  t h e  v a r i a b l e  c o e f f i c i e n t  of v i s c o s i t y  
which Ekman c a l l e d  t h e  "quadrat ic  f r i c t i o n - r e l a t i o n s h i p " .  I n  our  
n o t a t i o n  t h e  q u a d r a t i c  v i s c o s i t y ,  i n  which " the f r i c t i o n a l  f o r c e s  
w e r e  p ropor t iona l  t o  t h e  square  of t h e  rate of g l id ing" ,  is  given 
by 
(13) 
v = L 2 ( (du ' / dz ' )2  + (dv ' /dz ' )2)s  
where L i s  a mixing length t h a t  is  independent of 2'. Ekman's 
- 1 2  - 
s t eady- s t a t e  s o l u t i o n  t o  (1) us ing  (13) is  an  equiangular  s p i r a l ,  
bu t  w i th  t h e  cons t an t  angle  of 49.1 degrees  between t h e  v e l o c i t y  
and t h e  v e r t i c a l  shea r  compared t o  45.0 degrees  f o r  t h e  case of 
cons tan t  v i s c o s i t y .  Since t h e r e  w a s  no exac t  correspondence between 
t h e  c h a r a c t e r i s t i c  depths  of t h e  two s p i r a l s ,  Ekman a r b i t r a r i l y  adop- 
t e d  D' = 0.8 Z '  
* 
Ek ' f o r  comparison w i t h  t h e  c h a r a c t e r i s t i c  depth D 
where Z '  = 1.16 L s (.r/pw) -b $2 -s is  t h e  depth a t  which t h e  v e l o c i t y  
vanishes  i n  t h e  case of quadra t i c  v i s c o s i t y .  
Our numerical  r e s u l t s  f o r  a s t e p  f u n c t i o n  i n  stress and 
us ing  t h e  r e l a t i o n  (13) are presented  i n  F igure  7 which shows t h e  t i m e  
v a r i a t i o n s  of t h e  v e l o c i t i e s  a t  t h e  depths  z '  = 0, 0.5 D ' ,  and 1 .0  U', 
t h e s e  f o r  comparison w i t h  Ekman's f i g u r e s  a t  t h e  comparable depths  f o r  
t h e  case of cons t an t  v i s c o s i t y .  The p r i n c i p a l  d i f f e r e n c e  of n o t e  i n  
t h e  two t r a n s i t o r y  s o l u t i o n s  i s  t h a t  f o r  t h e  q u a d r a t i c  v i s c o s i t y  
t h e  i n e r t i a l  o s c i l l a t i o n  damped much more s lowly.  A t  z = 0 i t  appears  t h a t  
t h e  i n e r t i a l  o s c i l l a t i o n  decays as t (Figure  7)  compared t o  t h e  
decay rate of t f o r  cons tan t  v i s c o s i t y  (F igure  6) .  
-% 
-s 
4 .  VARIABLE W I N D  STRESS. 
The o r i g i n a l  i n t e n t  of t h i s  work w a s  t o  i n t e g r a t e  t h e  
boundary-layer flow over  time f o r  a v a r i a b l e  wind stress s imilar  
* A t h i r d  equiangular  s p i r a l  of i n t e r e s t  (54.7 degrees)  i s  t h a t  found by 
Rossby (1932) us ing  (13) under t h e  assumption of a l i n e a r  decrease  of L 
w i th  d i s t a n c e  from t h e  f r e e  s u r f a c e ,  r a t h e r  t han  cons t an t  L. 
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t o  t h a t  which may occur  over t h e  ocean. To t h i s  end w e  
have performed two s e p a r a t e  i n t e g r a t i o n s :  1 )  t h e  case wi th  
cons t an t  v i s c o s i t y  and wi th  t h e  s u r f a c e  stress l i n e a r l y  pro- 
p o r t i o n a l  t o  t h e  wind speed; 2)  t h e  case of quadra t i c  v i s -  
c o s i t y  wi th  t h e  stress p ropor t iona l  t o  t h e  square  of t h e  
wind and w i t h  t h e  mixing l eng th  l i n e a r l y  p ropor t iona l  t o  t h e  
wind. The f i r s t  case would correspond t o  a laminar l abora to ry  
s i t u a t i o n ,  and t h e  second more c l o s e l y  approximates t u r b u l e n t  
oceanic  cond i t ions .  
The v a r i a t i o n  of wind t h a t  w a s  app l i ed  may be seen  i n  
F igures  8 and 9, which correspond t o  t h e  two cases l i s t e d  above, 
r e spec t ive ly .  The t i m e  of each hodagraph is  expressed i n  r ad ians  
of r o t a t i o n  of t h e  coord ina te  system, 1 u n i t  corresponding t o  
3.82 hours. The sequence of wind v e c t o r s  r e p r e s e n t s  t h e  fol lowing 
meteoro logica l  events  a t  some po in t  over  t h e  ocean: The wind s t a r t e d  
from W = 0, t h e  c e n t e r  of a h igh  p res su re  system. A s  t h e  High 
moved eastward a low p res su re  c e n t e r  approached t h e  p o i n t  i n  
ques t ion ,  and t h e  wind increased  s t e a d i l y  t o  W = 15 m s wi th  
cons t an t  d i r e c t i o n  from t h e  SE. A t  t = 4.0 a warm f r o n t  passage 
gave an  abrupt  s h i f t  of t h e  wind, and i n  t h e  warm s e c t o r  of t h e  
approaching Low t h e  wind h e l d  cons t an t  a t  W = 10 m s from 
SSW. A t  t = 6.0 a co ld  f r o n t  passed and t h e  wind s h i f t e d  sha rp ly  
t o  WNW a t  W = 20 m s-'. The rea f t e r  t h e  wind decreased s lowly wi th  
-1 
-1 
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nea r ly  cons tan t  d i r e c t i o n  t o  W = 0 a t  t = 10.  The cyc le  w a s  
then  r e s t a r t e d  f o r  a s h o r t  per iod ,  which accounts  f o r  t h e  
hodagraphs a t  times t>10.  This  wind v a r i a t i o n  inco rpora t e s  a 
s t e a d i l y  i n c r e a s i n g  wind and a b r u p t s h i f t s  i n  t h e  wind d i r e c t i o n .  
It does no t  i nc lude  a l l  meteoro logica l ly  i n t e r e s t i n g  s i t u a t i o n s  
t h a t  may occur and w a s  meant only as a t y p i c a l  sequence due t o  
passage of l a rge - sca l e  p re s su re  systems. 
I n  F igure  8 depths  are i n d i c a t e d  on t h e  hodagraphs i n  
terms of t h e  c h a r a c t e r i s t i c  depth and t h e  wind and v e l o c i t y  
scales are a r b i t r a r y .  Figure 9,  t h e  case of q u a d r a t i c  v i s c o s i t y ,  
i s  meant t o  correspond t o  t h e  real ocean and w e  have expressed 
wind speeds i n  meters per  second, f low speeds i n  cen t ime te r s  p e r  
second, and depths  i n  meters.  I n  an  a t tempt  t o  r e a l i s t i c a l l y  ac- 
count  f o r  a decrease  of mixing l eng th  as t h e  f r e e  s u r f a c e  is  ap- 
proached from below, w e  have added a loga r i thmic  boundary l a y e r  t o  
t h e  top  of each s p i r a l  s o l u t i o n  of Figure 9,  i n  t h e  manner of 
Rossby and Montgomery (1935). The c i r c l e d  p o i n t  on each hodagraph 
i n d i c a t e s  t h e  p o i n t  of attachment of t h e  loga r i thmic  l a y e r  t o  t h e  
s p i r a l .  
D, 
Details of t h e  q u a d r a t i c  v i s c o s i t y  and loga r i thmic  
boundary l a y e r s  are t h e  fol lowing:  Equations (1) were i n t e g r a t e d  
us ing  t h e  r e l a t i o n  (13). The s p i r a l  s o l u t i o n s  were computed wi th  
t h e  a i d  of t h e  fol lowing two assumptions,  a p p l i c a b l e  a t  45 degrees  
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l a t i t u d e :  1) The mixing l eng th  w a s  t aken  p ropor t iona l  t o  t h e  
wind speed by t h e  r e l a t i o n  L = W/5 seconds; and 2) The wind 
stress w a s  t aken  p ropor t iona l  t o  t h e  square  of t h e  wind speed 
by t h e  r e l a t i o n  (.r/pW) = u = 20 x 10 W, where u i s  t h e  
f r i c t i o n  v e l o c i t y  f o r  t he  water. The superposed logar i thmic  
l a y e r  w a s  computed from the  equa t ion  
5 *  -2 * 
W W 
where 
t h e  s p i r a l  s o l u t i o n  i n  the  d i r e c t i o n  of t h e  wind. H = L/k - z '  
is  t h e  depth  of t h e  logar i thmic  l a y e r ,  and k = 0.4 is  von 
Karman's cons tan t .  The roughness l eng th  f o r  t h e  water w a s  t aken  
t o  be  r e l a t e d  t o  t h e  wind by z '  = 10 W seconds.  
[ A  ~ ' 1  is t h e  magnitude of t h e  v e l o c i t y  t o  be  added t o  
ow 
-2  
ow 
For t h e  most p a r t  t h e  above r e l a t i o n s  are based upon 
e m p i r i c a l  formulas from var ious  sources  (Rossby and Montgomery, 
1935; Sverdrup, 1942) and a complete j u s t i f i c a t i o n  would be too  
l eng thy  f o r  t h i s  p re sen ta t ion .  I n  t h e  l as t  a n a l y s i s  they  are 
j u s t i f i e d  only i n  s o  f a r  as they  produce reasonable  approximations 
t o  r e a l i t y .  The r e l a t i o n s  f o r  z '  is  based upon some r e c e n t  
(unpubl ished)  observa t ions  by one of t h e  a u t h o r s  ( F a l l e r )  of t h e  
d i f f e r e n t i a l  d r i f t  of f l o a t s  and tracers nea r  t h e  s u r f a c e  of t h e  
ow 
- 16 - 
ocean, bu t  t h i s  va lue  should be  regarded only  as a pre l iminary  
estimate. 
The most noteworthy a spec t  of Yigures8  and 9 i s  t h e  
r ap id  development of large i n e r t i a l  o s c i l l a t i o n s .  I n  accord 
wi th  t h e  r e s u l t s  of Sec t ion  3,  t h e s e  are cons iderably  g r e a t e r  
f o r  t h e  case of t h e  quadra t i c  v i s c o s i t y ,  as may be seen  par- 
t i c u l a r l y  w e l l  nea r  t h e  time t = 10 when t h e  wind dropped t o  
zero.  S ince  i n e r t i a l  o s c i l l a t i o n s  decay s o  slowly due t o  v i s -  
c o s i t y ,  cont inued a p p l i c a t i o n  of wind stress v a r i a t i o n s  probably 
would l e a d  t o  a l a r g e  accumulation of i n e r t i a l  energy. I n  t h e  real 
ocean, however, because of h o r i z o n t a l  v a r i a t i o n s  oy t h e  presence 
of s i d e  boundaries ,  i n e r t i a l  o s c i l l a t i o n s  w i l l  normally produce 
o s c i l l a t i n g  p res su re  g r a d i e n t s  t h a t  w i l l  r e s u l t  i n  both ho r i -  
z o n t a l  and v e r t i c a l  f l uxes  of i n e r t i a l  energy, n e i t h e r  of which 
are p o s s i b l e  i n  t h e  l imi t ed  l o c a l  model t h a t  w e  have used. A s  a 
r e s u l t ,  w e  have n o t  considered it t o  be p r o f i t a b l e  t o  extend t h e  
i n t e g r a t i o n s  over  longer  per iod  of time. 
With r e s p e c t  t o  t h e  v a r i a t i o n  of wind t h a t  w a s  chosen 
f o r  t h i s  example, i t  should be  noted t h a t  t h e  wind r o t a t e d  a n t i -  
c y c l o n i c a l l y ,  correspondent t o a  l o c a t i o n  i n  t h e  ocean t o  t h e  south  
of t h e  p a t h  of t h e  low p res su re  c e n t e r .  It may be a n t i c i p a t e d  
t h a t  i f  t h e  wind r o t a t e d  predominantly c y c l o n i c a l l y ,  t h e  r e s u l t a n t  
i n e r t i a l  o s c i l l a t i o n s  would be  somewhat smaller, and t h e  ampli tude 
- 1 7  - 
of t h e  s p i r a l  f low would a l s o  be  less, i n  accord wi th  t h e  r e s u l t s  
found i n  Sec t ion  2 f o r  r o t a t i n g  stress v e c t o r s  of cons tan t  magnitude. 
A P P E N D I X  
The methods of numerical  i n t e g r a t i o n .  
A d e t a i l e d  d i scuss ion  of f i n i t e - d i f f e r e n c e  methods, 
s t a b i l i t y  cr i ter ia ,  and o the r  p e r t i n e n t  material w a s  p resented  
i n  an earlier paper  concerned w i t h  t h e  s t a b i l i t y  of Ekman boundary-layer 
flow ( F a l l e r  and Kaylor,  1966). These d e t a i l s  w i l l  no t  be recon- 
s i d e r e d  here ,  and t h e  i n t e r e s t e d  r eade r  should r e f e r  t o  t h e  earlier 
work. However, t h e  fol lowing changes were requi red :  
1) The numerical s o l u t i o n  w a s  computed f o r  a s i n g l e  
ver t ica l  l i n e  of  g r i d  po in t s ,  r a t h e r  t han  f o r  a two-dimensional 
f i e l d  of p o i n t s .  
2) The app l i ed  p r e s s u r e  g r a d i e n t ,  which w a s  t h e  source  
of t h e  b a s i c  geos t rophic  flow i n  t h e  earlier work, was e l imina ted .  
3)  The upper boundary cond i t ion  of zero  stress w a s  
rep laced  w i t h  a condi t ion  of cons tan t  stress o r  a s p e c i f i e d  vari- 
a t i o n  of stress w i t h  time. There w a s  no change i n  t h e  lower boundary 
condi t ion .  
- 18 - 
. 
4) The numerical  s t a b i l i t y  c r i t e r i o n  vAt'/Az''<O. 25 
which arises from t h e  viscous terms had t o  be rep laced  by t h e  new 
c r i t e r i o n  L (dV' /dz '  z,oAt ' /Az ' 2<0. 20 f o r  t h o s e  cases wi th  t h e  
q u a d r a t i c  v i s c o s i t y .  This  c r i t e r i o n  w a s  determined empi r i ca l ly  
by t r i a l  and e r r o r .  
2 
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Figure  1. T h e o r e t i c a l  s o l u t i o n  f o r  an o s c i l l a t i n g  wind stress 
w i t h  angu la r  frequency k = 1 and amplitude 1.414. The 
s o l i d  s p i r a l  hodagraph corresponds t o  t h e  c y c l o n i c a l l y  
r o t a t i n g  component (R = 1 )  w i t h  magnitude 0.707, and 
the dashed s p i r a l  corresponds t o  t h e  a n t i c y c l o n i c a l l y  
r o t a t i n g  component ( R  =-1) of t h e  same magnitude. Depths 
are i n  terms of D f o r  the s t eady  Ekman s p i r a l .  
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Figure 2 .  Theore t i ca l  s o l u t i o n  f o r  an o s c i l l a t i n g  wind stress 
w i t h  angular  f requency k = 2 and amplitude 1.414.  The 
s o l i d  s p i r a l  corresponds t o  t h e  c y c l o n i c a l l y  r o t a t i n g  
stress ( a  = 2 ) ,  and t h e  dashed s p i r a l  corresponds t o  
t h e  a n t i c y c l o n i c  component ( a  = -2), each of magnitude 
0.707. 
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Figure 3 .  The t e r m i n a l  p o i n t  of t h e  s u r f a c e  v e l o c i t y  as a 
func t ion  of t i m e  ( r ad ians )  from a numerical  s o l u t i o n  
f o r  an  o s c i l l a t i n g  stress wi th  angu la r  frequency k = 1. 
I n i t i a l  f low cond i t ions  w e r e  a s ta te  of rest, and t h e  
app l i ed  s u r f a c e  shea r  w a s  given by du/dz I = -1.414 
s i n  k t .  The numerical  s o l u t i o n  approaches t h e  theo- 
retical  e l l i p s e  descr ibed  i n  t h e  text .  
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Figure 4.  The t e rmina l  p o i n t  of t h e  s u r f a c e  v e l o c i t y  as a 
f u n c t i o n  of t i m e  ( r ad ians )  from a numerical  s o l u t i o n  
f o r  an  o s c i l l a t i n g  stress w i t h  angular  frequency 
k =   IT. I n i t i a l  f low cond i t ions  w e r e  a s ta te  of 
rest, and t h e  app l i ed  s u r f a c e  shear  w a s  given by 
du/dzlo= 1.414 cos k t .  The numerical  s o l u t i o n  ap- 
proaches t h e  t h e o r e t i c a l  e l l i p s e  descr ibed  i n  t h e  
t e x t .  
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Figure 5. The terminal point of the surface velocity as a 
function of time (radians) from a numerical solution 
for an oscillating stress with angular frequency k = 2. 
Initial flow conditions were a state of rest, and the 
applied surface shear was given by du/dzl = 1.414 
cos kt. Resonance of the anticyclonic component (E=-2) 
is shown by the steady amplification of the velocity. 
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Figure 6. The t e rmina l  po in t  of t h e  s u r f a c e  v e l o c i t y  as a 
func t ion  of t i m e  (pendulum hours)  f o r  a s t e p  func t ion  
i n  stress, from a numerical  s o l u t i o n  wi th  cons tan t  
v i s c o s i t y .  This  r e s u l t  i s  i d e n t i c a l  w i t h  Fredholm's 
s o l u t i o n  (Ekman, 1905, Figure 3 ) .  
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Figure 7. Terminal p o i n t s  of t h e  v e l o c i t y  as a func t ion  of 
t ime (pendulum hours)  a t  t h e  depths  D'= 0 (upper 
f i g u r e ) ,  D' = 0.5 (lower l e f t ) ,  and D' = 1 . 0  
(lower r i g h t ) ,  from a numerical  s o l u t i o n  f o r  a s t e p  
func t ion  i n  stress and w i t h  Ekman's "quadra t ic  
f r i c t i o n - r e l a t i o n s h i p " .  The i n e r t i a l  o s c i l l a t i o n s  
may be seen  t o  decay much more s lowly than  f o r  t h e  
c a s e  of a cons tan t  c o e f f i c i e n t  of v i s c o s i t y  (F igure  6 ) .  
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Figure 8. T r a n s i t o r y  s o l u t i o n s  f o r  a cont inuous ly  vary ing  wind 
(dashed arrows) as a f u n c t i o n  of time ( rad ians )  f o r  
t h e  case of cons t an t  v i s c o s i t y .  Depths on t h e  s p i r a l  
hodagraphs are  i n  terms of t h e  c h a r a c t e r i s t i c  depth D. 
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Figure  9.  T rans i to ry  s o l u t i o n s  f o r  a cont inuous ly  vary ing  wind 
(dashed arrows) as a f u n c t i o n  of t i m e  ( r ad ians )  f o r  
t h e  case of t h e  q u a d r a t i c  c o e f f i c i e n t  of v i s c o s i t y .  
Flow speeds i n d i c a t e d  by t h e  s p i r a l  hodagraphs are 
i n  cen t ime te r s  p e r  second, wind speeds are i n  meters 
p e r  second, and depths  are i n  meters. The c i r c l e d  p o i n t  
on each hodagraph i n d i c a t e s  t h e  po in t  of attachment of t h e  
shal low loga r i thmic  l a y e r .  
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